Abstract. The continuation of series of papers concerning the construction of the energy matrix for complex atoms is presented. The second-order perturbation theory contributions originating from core polarization effects in the hyperfine structure are considered. Fifteen new formulae for angular coefficients of core polarization parameters are given. The complete set of corrections up to the second-order perturbation theory was taken into account and the accuracy of the wave functions in the intermediate coupling scheme, on the example of the lanthanum atom, was checked.
Introduction
In the first part of our series of publications entitled Construction of the energy matrix for complex atoms, a method of semi-empirical analysis of complex atoms was introduced in general [1] . In the subsequent works of this series, an exhaustive description of electrostatic interaction up to second-order perturbation theory, electrostatically correlated spin-orbit interactions (CSO) and electrostatically correlated hyperfine structure interactions (CHFS) was presented [2] [3] [4] [5] . In each of these publications, the explicit form of analytical formulae, derived in our research group, was given.
The aim of this paper is a description of the effects of configuration interaction on the atomic hyperfine structure, known as core polarization effects, in the case of nl N , nl N n 1 l
N1
1 and nl
configurations. Important differences appear in our approach compared to previous works on the effects of configuration interactions by other authors [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] and can be summarized as follows:
-we replace the description of the configuration interaction with effective operators through direct expressions for matrix elements; -we expand the considered configuration base from nl
2 ; -we include in the consideration the interactions between the configurations under study.
The next section of the current paper contains a short summary of the studies on the hyperfine structure of free atoms. Section 3 contains the description of a hyperfine structure many-body parametrization method. Section 4 contains the explanation of the symbols used in this work and fifteen explicit formulae for electrostatically correlated hyperfine interactions. An example of the application of new parameters for the multi-configurations system of the lanthanum atom is presented in sect. 5. configuration interaction (CI) effects. The influence of CI on the hyperfine structure has been studied theoretically, especially by Judd [21, 22] .
For the first time, Bauche and Judd [23] showed, in the hyperfine structure analysis of atomic plutonium, the need to consider the effects of perturbation hyperfine structure through the interaction with the configurations arising from excitation of one electron belonging to a closed shell n 0 s 0 to an empty shell n s . The authors introduced the name of the effect as "hfs core-polarization effect".
In the following years, the extensive research on the configuration interaction effects originated from closed shells to empty shells excitations, were conducted by Judd [21, 22] , Sandars [24] , Bauche-Arnould [25, 26] , Armstrong [27] , Lindgren and Rosen [28] and Büttgenbach [29] . A short summary of these works was presented in our previous works [1, 5, 30] .
In 1985, Dembczyński [31] proposed a new method of hyperfine structure parametrization, which took into consideration simultaneously one-and two-body interactions in (3d+4s) N +2 configurations system. This approach was applied successfully to the interpretation of the spectra of iron-group elements [32] [33] [34] [35] and, after the generalization, to the elements with three open electronic shells [36] [37] [38] . Detailed discussion on the interpretation of accurate measurements of hyperfine structure splittings in neutral and singly ionised complex atoms was presented in our papers [39, 40] .
Another problem that should be considered in the interpretation of hyperfine structure is the inclusion of the offdiagonal excitation between configurations. For the first time, in the paper from 1977, Bauche and Bauche-Arnould [41] have shown that the far configuration mixing effect perturbs strongly the off-diagonal spin-dipole hfs matrix elements between 3d N +1 4s and 3d N 4s 2 in the case of (3d N 4s 2 ) 3 F Ti I and (3d N 4s 2 ) 2 D Sc I. Empirically this effect has been found to be significant only by Himmel [42] in the case of OsI 5d 6 6s 2 . Usually the hyperfine interaction between configurations is neglected, because at first order, the only contribution to the magnetic hfs operator is due to the spin-dipole part. By Hartree-Fock calculations very small values are found for the corresponding radial integrals (∼ 4s|r −3 |3d ). In 1981 Dembczyński et al. [43] , using the atomic beam magnetic resonance detected by the laser-induced resonance fluorescence method (ABMR-LIRF), found experimental evidence of an extremely strong far configuration mixing effect on off-diagonal matrix elements between configurations, which can be explained only by taking into account the two-body core polarization effect, which screens the ordinary one-body core polarization parameter a 10 3d . Moreover, they showed that the influence of the off-diagonal spin-dipole part a 12 3d4s , which was discussed by Bauche-Arnoult, was insignificant. Later, Dembczyński presented the appropriate formulae for off-diagonal matrix elements in the case (3d + 4s) N +2 configuration system [31] .
Parametrization of the configuration interaction effects on the hyperfine structure
In 2010 [30] we published a new approach to the hyperfine structure many-body parametrization. In the configuration system (5d + 6s) N of the lanthanum atom, we conducted an alternative analysis of the second-order contributions, based on two excitation models: either "open shell -empty shell" or "closed shell -open shell". As a conclusion of this work, the question about the selection of the model of excitation was raised.
Computer codes for the analysis of experimental, fine and hyperfine structure, data have been developed in our research group for many years. This allowed us to conclude that consideration of excitations of one or more electrons from closed to open shells gives a more precise description of configuration interactions. Our findings can be summarized as follows:
-We suggest considering the broadest possible configurations basis in the first order of the perturbation theory, which means systems composed of many Rydberg configurations; therefore, a part of excitations from an open shell to an empty shells are included directly. -For atoms with open 3d-or 4f-shell, additionally, the excitation from 3d (or 4f) open shell to empty shells have to be considered. -For the configurations up to three open electronic shells, some excitations from a closed shell to an empty shell should be included; for example in lanthanum configurations n 0 s 2 5d 3 , n 0 s 2 5d 2 6s, n 0 s 2 5d6s 2 , n 0 s 2 5d6s7s, n 0 s 2 5d6s6d closed, open and empty shells are different.
The consideration of excitations of the kind "closed n 0 l 0 shell-open nl shell" of the configuration with three open shells, where the second and third shells contain up to three electrons, requires the coupling of five or more angular momenta and makes calculating the angular coefficients of appropriate operators more complicated. Thus, one may expect that a precise definition and development of a sophisticated mathematical formalism provides with sufficient accuracy of determination of eigenvectors amplitudes describing particular electron states and a complete description of hyperfine configuration effects.
The theoretical description of all the possible contributions originating from the second-order perturbation theory to the atomic structure, a detailed description of the new radial parameters and the relationships between them, and also the results obtained on the basis of experimental data have been fully described in our work from 2010 [30] .
However, the mathematical expressions used in the construction of the energy matrix were not given. Therefore, this paper contains analytical formulae for electrostatically correlated hyperfine interactions of the configuration space (nl + n 1 l 1 ) N +2 . If we consider the many configurations system, the core polarization effect should be taken into account for each type of configuration. Therefore, the next section contains the explicit formulae describing the core polarization effect for the electronic systems composed of configurations including up to three open shells (nl
4 Explicit formulae for electrostatically correlated hyperfine interactions. Excitation of one electron from a closed shell into an empty or an open shell
Explanation of symbols used and considerations on the method of the reduced matrix elements calculation have already been presented in earlier works, but for the reader's convenience, we present them again.
Explanation of used symbols
In all the formulae given below, symbol G t denotes a particular term of the Coulomb interaction represented by irreducible tensors of rank t:
, where r < and r > indicate the distances from the nucleus to the closer and more distant electron, respectively. Summation over t is omitted. The expressions describing G t element contain coupling schemes used for the derivation of the formula.
For nj-coefficients the generally accepted notations were used. The antisymmetric states for N equivalent electrons, allowed by the Pauli principle, were constructed from a linear combination of products of parent states with (N −1) electrons using Racah's coefficients of fractional parentage [44, 45] . In the one-electron fractional parentage coefficient (nl [46] 
Removal of the J-dependence and the method of the reduced matrix elements calculation
In the current paper we concentrate on the excitation of one electron from a closed shell n 0 s into an open shell ns or into an empty shell n s for the extended model configuration space. The formulae describing the intra-and interconfiguration electrostatically correlated hyperfine interaction are given in the form of the reduced matrix elements using the Wigner-Eckart theorem. In the case of CHFS for magnetic dipole interactions K = 1 the following relations hold: 
where Γ , Γ designate configurations being studied, ΔE is the (positive) energy difference between the relevant closedand open-or empty-shell orbitals, κk = 10 and
is the angular part of the hfs operator t κk :
The radial integrals of the hfs operator t κk corresponding to κk = 10 is defined as
The formulae (reduced matrix elements) describing the effects of ns core polarization are presented below.
nl N configuration
The states ψ and ψ for the nl N configuration are defined as follows:
For the excitation of one electron from a closed n 0 s 2 shell into an empty n s shell the perturbing virtual states are defined as
To calculate the matrix elements the formula (29) from the paper [5] should be used.
nl
N n 1 l
N1 1 configuration
The states ψ and ψ for the nl N n 1 l N1 1 configuration are defined as follows:
If N 1 = 1 and n 1 l 1 -electron is n 1 s-electron the excitation from a closed n 0 s 2 shell into an open n 1 s shell should be considered.
In this case the perturbing virtual states are defined as
To calculate the matrix elements describing this interaction formula (32) from the paper [5] should be used. In other cases, use the formulas presented in the following subsubsection.
Excitation of one electron from a closed n 0 s 2 shell to an empty n s shell
The first type of electrostatic integrals:
The second type of electrostatic integrals:
4.5 nl N n 1 s n 2 s configuration
The states ψ and ψ for the nl N n 1 l N1 1 n 2 l 2 configuration are defined as follows: 
4.6 nl N n 1 l N1 1 n 2 l 2 configuration
The states ψ and ψ for the nl N n 1 l N1 1 n 2 l 2 configuration are defined as follows:
To calculate the matrix elements describing this interaction formulae (37), (38) and (39) from the paper [5] should be used.
If n 2 l 2 -electron is n 2 s-electron the excitation from a closed n 0 s 2 shell into an open n 2 s shell should be considered. In this case the perturbing virtual states are defined as
To calculate the matrix elements describing this interaction formulae (40) , (41) and (42) from the paper [5] should be used. In other cases, use the formulas presented in the following paragraph.
4.6.1 Excitation of one electron from a closed n 0 s 2 shell to an empty n s shell
The third type of electrostatic integrals:
Interconfiguration interaction

Configuration interaction nl
The states ψ for the nl N n 1 l 1 configuration and ψ for the nl N −1 n 2 s n 1 l 1 configuration are defined as follows:
For the excitation of an electron from a closed n 0 s 2 shell into an empty n 2 s shell the perturbing virtual states are defined as ψ = (n 0 s 2 S, nl
S L . In this case the first term of the sum below is equal to zero due to hyperfine interaction:
The second component is as follows:
The states ψ for the nl N n 2 s n 1 l 1 configuration and ψ for the nl N −1 n 2 s 2 n 1 l 1 configuration are defined as follows:
For the excitation of an electron from a closed n 0 s 2 shell into an open n 2 s shell the perturbing virtual states are defined
The states ψ for the nl N n 1 l 2 1 configuration and ψ for the nl N −1 n 2 s n 1 l 2 1 configuration are defined as follows:
The states ψ for the nl N n 1 l 1 configuration and ψ for the nl N −1 n 3 s n 2 l 2 configuration are defined as follows:
For the excitation of an electron from a closed n 0 s 2 shell into an empty n 3 s shell the perturbing virtual states are defined as ψ = (n 0 s 2 S, nl
The states ψ for the nl N n 1 l 1 configuration and ψ for the nl N n 2 s configuration are defined as follows:
In this case the first term of the sum below is equal to zero due to hyperfine interaction (hfs operator is acting between electrons n 0 s and n 1 l 1 , radial integral n 0 s|r −3 |n 1 l 1 10 ≈ 0):
The states ψ for the nl N n 1 s configuration and ψ for the nl N n 2 s configuration are defined as follows:
For the excitation of an electron from a closed n 0 s 2 shell into an empty n 1 s shell the perturbing virtual states are defined as ψ = (n 0 s 2 S, nl
In this case the second term of the sum below is equal to zero due to hyperfine interaction (hfs operator is acting between electrons n 0 s and n 2 l 2 , radial integral n 0 s|r −3 |n 2 l 2 10 ≈ 0):
The first component is as follows:
The states ψ for the nl N n 1 l 1 n 2 l 2 configuration and ψ for the nl N n 3 s n 2 l 2 configuration are defined as follows:
For the excitation of an electron from a closed n 0 s 2 shell into an empty n 3 s shell the perturbing virtual states are
In this case the first term of the sum below is equal to zero due to hyperfine interaction:
The states ψ for the nl N n 1 l n 2 s configuration are defined as follows:
The states ψ for the nl N n 1 l 1 n 2 s 2 configuration and ψ for the nl N n 1 l 2 1 n 2 s configuration are defined as follows:
For the excitation of an electron from a closed n 0 s 2 shell into an open n 1 l 1 shell the perturbing virtual states are
In this case the second term of the sum below is equal to zero due to hyperfine interaction:
Results
In order to show the effectiveness of our method to a greater extent than was previously presented [30, 47, 48] , we decided to choose lanthanum, as an atom with a complex structure and with a huge amount of experimental data concerning energy levels and hyperfine structure constants. Currently the La level list contains circa 430 even La I levels, all of them with known hyperfine constants A (in many cases also B constants are known). This allows an excellent test confirming the correctness of our method and mathematical formulae. For the study of La, we considered the system of 100 even configurations: In our procedure we use all the experimental data known so far. A good agreement between experimental and calculated values of energy and hyperfine structure constants was achieved. The energy values and hfs constants for the levels up to approximately 45000 cm −1 were also predicted. Details of the analysis will be presented separately. The examples of preliminary results of the semi-empirical fine and hyperfine structure analysis for La I are shown in table 1. The first two columns contain experimental and calculated level energies, respectively. In the subsequent four columns, the strongest and second strongest fine structure components with the corresponding percentages are presented. The comparison of calculated and experimental g J values is presented in columns seven and eight. The experimental hyperfine constants A are listed together with their experimental uncertainty in column nine. The calculated A constants for all levels are given in column ten.
Conclusions
The present work on the hyperfine structure core-polarization effect is complementary to the previous five parts, that together describe all possible contributions originating from the second-order of the perturbation theory to the structure of complex atom. We proved that it is possible to determine quantitatively the contributions of each interactions, and specify the precise definition of the evaluated parameters describing the interactions in the atom.
Our analyses clearly demonstrate that precise interpretation of the hyperfine structure is impossible without taking into account new parameters describing the contribution from electrostatic coupling with distance configurations, introduced in current work.
Presentation of precise definition of the parameters and explicit mathematical formulae allows to compare our approach with other theoretical methods of the description of atomic structure. 
